The effect of non-commutativity on Hall conductivity in a two-dimensional planar system is considered from the point of view of an effective U (1) gauge invariant theory constructed by Seiberg-Witten map. By retaining terms only upto linear order in the non-commutative parameter θ, we find that the Hall conductivity has its usual structure with no explicit θ-dependent non-commutative correction.
Introduction
Recently there is an upsurge of interest in the study of the origin and consequences of noncommutative(NC) geometry [1] . Although this idea of introducing non-commutativity was introduced by Snyder [2] way back in 1947, it was not pursued seriously by other workers till recently when this feature of non-commutativity was shown to follow as a consequence of studies in String Theory. Particularly, for an open string, attached to a D-brane in the presence of an anti-symmetric B µν field, one can show that the string end points, i.e. the D-brane coordinates themselves become NC in nature [3, 4, 5] . Quantum field theory inhabiting on such D-branes have to be necessarily reformulated incorporating this NC feature.
One particular aspect of this NC feature is its deep connection with Quantum Hall systems [6] . Lots of authors have made quite an extensive study of this deep connection [7] . To start with, the simple problem of Landau level and Hall conductivity in NC plane was addressed by a number of authors [8, 9] . Howeover, the results of various authors do not seem to be convergent on the issue of effect of the NC parameter θ on Hall conductivity; some show deviations and others show no deviations from usual commutative theory. Note that these analysis and their subsequent results involve NC electric and magnetic fields, which in general are not gauge invariant objects even for the simple U(1) ⋆ gauge group; they rather transform covariantly. Consequently they cannot correspond to any observables in a generic case, except in some special situations like Hall effect (which is the main topic of this paper) where one deals with U(1) ⋆ gauge invariant uniform and static background NC magnetic field. This limitation can be avoided, for example, by writing an effective theory in ordinary commutative space by making use of Seiberg-Witten (SW) map [11] and compute Hall conductivity in terms of the usual U(1) gauge invariant electric and magnetic fields [10] . In this paper we intend to carry out precisely this approach of computation of Hall conductivity. This approach will have the advantage that it can be generalised to discuss situations involving non-uniform electric and magnetic fields, besides opening another avenue to compare with the existing results in the literature. In this context we would like to mention that in a recent paper [12] the authors also have constructed an effective commutative theory by using a modified norm-preserving unitarised SW map and have studied the effect of NC in Hall systems apart from Aharanov-Bohm effect. In contrast, in this paper we apply the usual SW map to construct an effective commutative theory and identify the probability current after wave function and mass renormalisation. This in turn, is used to compute the Hall conductivity.
The paper is organised as follows. In the following section 2 we are going to introduce the U(1) ⋆ gauge invariant action describing non-relativistic matter fields coupled to background NC gauge fields apart from identifying the form of gauge covariant electromagnetic(EM) current and gauge invariant matter current. In section 3 we compute Hall conductivity using NC variables. Apart from reviewing the methodologies involved in the calculation, to be used subsequently, here we show following [9] that the standard result for Hall conductivity, without any θ-dependent correction, is obtained eventually. Also the definition of total current, that we have adopted in this paper, is different from the one in [9] . We then construct the effective theory, which is now ordinary U(1) gauge invariant in ordinary space, by employing SW map in section 4. Here the form of the matter currents are also identified. Finally in section 5 we compute Hall conductivity in terms of commutative variables using the effective Schrödinger equation following from the effective action of the previous section. We conclude in section 6.
U(1) ⋆ gauge invariant Schrödinger action
We start with the action of a Schrödinger field ψ coupled with U(1) background gauge field A µ (x) in the ordinary commutative space .
where D µ = (∂ µ − igA µ ) is the covariant derivative operator and g is the coupling constant. The corresponding U(1) ⋆ gauge invariant action in non-commutative (NC) space iŝ
where the caret notation indicates NC nature of the variablesψ (assumed to be Schwartzian [1] ) which compose through the star product defined as
Under ⋆ composition the Moyal bracket between the coordinates is
which is isomorphic to the algebra of operator valued coordinates in NC space
whereÛ (x) is the star unitary function satisfyinĝ
Note thatÛ † (x) is not equal toÛ −1 (x) unlessÛ (x) ∈ U(1) ⋆ -the rank 1 gauge group. The equation of motion for the fundamental fieldψ(x) is
The usual ⋆-gauge invariant matter or probability current densityĵ µ following from (8) is given byĵ
which satisfy the usual continuity equation
Here we would like to mention thatĵ 0 is not manifestly positive definite. However, it can be made so by modifying it by adding a suitable total divergence term. One can at this stage add a ⋆-gauge invariant dynamical term − 
identify a U(1) ⋆ charge current densityĴ µ through the equation of motion for theÂ µ field
The explicit form ofĴ µ is given bŷ
Unlikeĵ µ ,Ĵ µ are not U(1) ⋆ gauge invariant, rather they transform covariantly and satisfy a covariant version of continuity equationD 0Ĵ0 +D iĴi = 0. After identifyingĴ µ , we can do away with the dynamical term and deal with the Galilean invariant action (2) itself. Note that similar covariant transformation property holds forF µν , i.e.F µν →F
Hall Effect through NC variables
In this section we compute the effect of NC on Hall conductivity by carrying out the analysis using NC variables for which we essentially follow [9] . We restrict ourselves within the 2-dimensional version of the NC space and the NC relation in (4) is
where ǫ ij is anti-symmetric in i, j;(i, j = 1, 2). We assume θ 0i = 0 as is usually done to avoid higher order time derivative terms. To begin with, we solve the field equation (8) by taking the well-known Landau gaugê
Note that it is given in terms of NC gauge field strengths E and B and not in terms of commutative fields. And the only non-vanishing entries in the NC field strength tensor F µν are given byF
appropriate for the electric field in the x-direction. We now follow an exactly analogous method of solving the Landau level problem in ordinary commutative space . AsÂ α does not involve explicit t and x 2 dependence the trial solution can be taken aŝ
Substituting this solution in the Schrödinger equation (16) 1 , and using the relation (21) we finally get the following form of the equation of motion
1 Although we had started with the NC action (2) and the corresponding NC Schrödinger equation (8), written in the "second quantized formalism" used in NC Quantum Field Theory, we now reinterpret ψ t, x 1 , x 2 as the single particle wave function in the "first quantised formalism", used in NC Quantum Mechanics. This can be done consistently in non-relativistic framework.
The above equation can now be cast in the form of a Harmonic oscillator(HO)
is the harmonic oscillator energy eigen-value,φ
and ω c = gB m
. They admit solutions in terms of the standard Hermite polynomials.
where C n 's are appropriate normalisation constants. The eigen-values are
This in turn, implies that the allowed values of stationary state eigen-values ω of the system are given by
This indicates that the degeneracy of the Landau level has now been lifted by the external electric field as states with different p 2 values will have different energy eigen-values ω n . A typical state will now therefore be labelled by both the indices n and p 2 as |n, p 2 . It is now straight forward to show, using (12, 13, 17, 22) , that
Note that the above expressions are for a single particle. So the charge
| 2 must be equal to g. Here the x 2 integration is carried 2 Also note that the plane-wave factor e ip2x 2 in (17) apparently spoils the Schwartzian nature ofψ which is assumed infact throughout all the manipulations in this paper. In this context, however, this is not a serious issue as one can easily construct a wave-packet having very large but finite support in the x 2 -direction (say L y , representing typically the sample width in x 2 -direction) by superposing such plane-waves appropriately with very small momentum spread ∆p 2 (∆p 2 << 1) around p 2 in the following mannerψ t, x 1 , x 2 = e −iωtφ x 1 ⋆ ∆p2 dp 2 a(p 2 )e ip2x 2 . One can then see that the above calculations go through without any problem. Besides the above form ofψ which has now been rendered into a Schwartzian function ensures that the total charge Q (1) calculated either throughĴ orĵ will be identical (thanks to the rule
will be rendered finite.
out over a finite sample width L y . Hence the normalisation constant in (22) must be such that it satisfies
The longitudinal current I
vanishes. The transverse current for the single particle however survives, as expected, to yield
Note that the definition of total current adopted here is different from that of [9] . Furthermore, observe that I
( 1) 2 is independent of both the indices n and p 2 , so that all the electronic states |n, p 2 carry the same Hall current just as what happens in the commutative case. Therefore to obtain the total current I 2 , we just multiply I (1) 2 (29) by the number of available states (ρL x L y ) within an arbitrarily chosen rectangular area L x L y , where ρ is the density of such states. We therefore have
Introducing V = EL x as the longitudinal potential drop and Q = gρ as the total charge per unit area, we get
From here one can read off the Hall conductivity (which is just the ratio of the transverse current to the longitudinal potential drop)
An alternative expression for the Hall conductivity can also be written in terms of the filling fraction ν = 2πρ gB (where the filling fraction is defined in the absence of an electric field) 3 as
This shows that there is no θ-dependent correction to Hall conductivity [13] . Here we would like to mention that this conventional result has been reproduced in this analysis involving NC variables. For an alternative derivation using commutative variables, we make use of SW map [11] to write an effective version of the action (2) in terms of fields inhabiting ordinary commutative space rather than NC space, which will be ordinary U(1) gauge invariant. We take this up in the next section.
3 Note that the filling fraction ν can be defined just as in the case of corresponding commutative theory because the expression ofĴ 0 in (25) suggests that the centre of the HO i.e. the centre of the charge distribution now will be located atX = − p2θ 2 and not atX = 0. Now when E = 0, the degeneracy is restored as is clear from (24) and the transformation (20) implies that the centre of the HO is now located equivalently at the point x 1 = p 2 /(gB). Now a range ∆x 1 = L x for x 1 implies a range ∆p 2 = gBL x for p 2 which clearly can accomodate ∆p2 2π/Ly = gB 2π L x L y number of charged states within an area L x L y , if periodic boundary condition is imposed in the x 2 -direction. One thus recovers the usual expression for degeneracy per unit area to be gB/(2π) wih no accompanying NC corrections.
Effective Theory in Commutative space
In this section we construct an effective action starting from (2) by using the SW map in the lowest order in θ µν [11] .ψ
We then evaluate the Hall-Conductivity in the background of constant ordinary U(1) gauge invariant magnetic field B = ǫ ij ∂ i A j . 4 In the subsequent calculation we take g = 1 for convenience. Also we take θ 0i = 0 as before. To begin with let us substitute the form ofψ andÂ µ given by (34) and (35) in the action (2) . After a lengthy calculation one finds the following usual U(1) gauge invariant expression for the effective action.
The third and fourth terms in the paranthesis can now be combined using the relation F mi = Bǫ mi to get
Here note that the presence of 1 − θB 2 factor in the kinetic energy term of action in place of simple unity and a 1 + θB 2 factor in the term involving mass(m) in the denominator shows that a renormalisation in ψ and m is required to bring the action in the canonical form. Indeed the following pair of transformations
brings the effective action back into its canonical form.
We shall therefore treatψ (and not ψ) as the basic field in our theory. Also note that an electric field term gets automatically generated. Note that this is somewhat analogous to "wave function" and "mass renormalisation" of QED except that the relevant factors are finite here. One can therefore identifyψ andm with the renormalised wave function and mass respectively. This gives the effect of non-commutativity in the observed massm. Using (39), one can easily see that ratio, of the observed massesm 1 andm 2 corresponding to two distinct magnetic fields B 1 and B 2 , satisfies (upto order θ)m
) which in turn, can be used to get an estimate for NC parameter θ. Incidentally, this relation (39) was also obtained earlier by Duval et.al [8] . The equation of motion for the fundamental fieldψ (from the action (40)) is
where, K is the operator given by
As one can easily verify
where the 3(= 1 + 2)-currents j µ are given by
In view of (41) and (43), we find that the continuity equation is automatically satisfied by j µ , therefore one is tempted to identify j µ (44, 45) as the probability density and probability current of the system. But as it turns out (see Appendix) that d 2 xj 0 can only be identified with the generator of global U(1) transformation in the system described by (40), whereas the probability density and currents have to be detarmined fromĵ µ (9, 10) as the components of this current played the role of probability density and probability current in NC formulation (see section 2). All that we have to do here is to apply SW map to rewriteĵ µ in terms of field ψ and then in terms of the renormalised fieldψ. At this stage, one can note an interesting fact thatĵ µ also has the same form as that of j µ (44, 45) except that one has to just replaceψ by ψ :
so thatĵ µ and j µ are related by j µ = (1 − θB 2 )ĵ µ as follows from (38) and the fact that the currents are bilinear in their respective fields. This is not surprising as ψ also satisfies (41) (Kψ = 0) upto order θ. However, note thatĵ 0 (46), does not have the standard form because of the presence of the θ-dependent term. Not only that, it is not manifestly positive-definite point-wise. Consequently, there is a difficulty in identifyingĵ 0 as the probability density directly in the "first quantised" version of single-particle quantum mechanics. This problem can be easily seen to be, however, inherited from the original NC formulation itself. For that recall, this problem was avoided there by modifyingĵ 0 (9) by a total divergence term to isolate a positive definite quantity to be identified as the probability density. Following the same methodology here, we note thatĵ 0 (46) can also be brought to almost standard form upto a 1 − θB 2 factor (assuming to be positive) by dropping a total divergence term, so that we have,
which however takes the canonical form
when rewritten in terms of renormalised wave-functionψ (38). Now the normalisation condition (see Appendix) for a single particle is given in terms ofψ as,
withψ †ψ (orĵ 0 upto a total divergence term) being now identified as the probability density which is manifestly positive definite at all points 5 . It immediately follows that the spatial components ofĵ µ , i.eĵ i must correspond to the spatial component of the probability current, asĵ µ satisfies the continuity equation ∂ µĵµ = 0. Therefore the particle current (for a single particle) I 
Hall Conductivity in commutative variables
We now revisit the problem of Hall effect in terms of commutative variables and attempt to solve the equation of motion (41) in Landau gauge.
5 Note that this technique is quite common in QFT. In this context, it may be recalled that the Noether's expression of energy-momentum tensor (say in free Maxwell theory in 3+1-dimension), which is nothing but the density and current of conserved energy-momentum four-vector, is amended by a four divergence term to render it symmetric and gauge invariant. So here too the originalĵ 0 is modified by dropping a total divergence term at the field theoretic level to render it positive definite so that it is interpretable as probability density when we switch over to "first quantised" version of QM.
Again taking the trial solution of standard Landau gauge problem, appropriate for the gauge fixing condition (51)
we obtain
and using change of variables
we get the following equation
where, φ
yields the standard HO equation with an enhanced frequencyω c = (1 + θB)ω c .
where, φ ′′ (X) = φ ′ (X) = φ(x 1 ) and ξ is the harmonic oscillator energy eigen-value which will be again quantised in the manner (23). This will again imply a quantisation condition for ω similar to (24). Also note that the θ-dependent term appearing in the HO energy eigen-value ξ is due to electric field term in (40). Again the admissible eigen-functions are given in terms of Hermite polynomials as,
Now the normalisation condition (50) becomes
which again, for a sample width L y yields the condition (just as in (28))
As one can easily see thatĵ 1 = 0 corresponding to the wave-function (52) so that the longitudinal current vanishes. Now coming to the transverse current, we note that I 
One can therefore write dx
and the same thing also holds for higher order covariant derivatives appearing inĵ 2 , as one can verify. We can therefore write I
2 more compactly as
Here the 1 − θB 2 -factor 6 stems from the presence of the electric field term in the action (40). Now using (61), the pair of co-ordinate transformations (54, 56) and (60) one can cast the expression for transverse current for a single particle as
So here too all the states |n, p 2 > contributes equally to the Hall current -just as in section-3. We now proceed as earlier, introducing the density of states ρ (which is also the charge per unit area since g = 1), to get the total current (upto order θ) as
where V = EL x . Hence the Hall-conductivity σ H =
has no explicit θ-dependence. Again one can easily see that the usual expression for degeneracy per unit area (for E = 0) holds, enabling one to define the filling fraction in the conventional way as in Sec. 3, using which one can write down an alternative expression for Hall conductivity as
, just as in (33).
Conclusions
In this paper we have computed the Hall conductivity using both NC variables as well as ordinary commutative variables upto order θ. Here we find that the standard θ-independent result is obtained. The formulation in terms of NC variables has the disadvantage that not all the observable quantities are manifestly star gauge invariant as they are written in terms of star gauge covariant E and B fields, unless constant configurations, like the situation in Hall effect involving static and uniform background NC magnetic field, are considered. This certainly cannot be generalised to situations involving non-uniform fields. Besides to compare with the existing results, we obtained an effective U(1) gauge invariant action and correspondingly U(1) gauge covariant Schrödinger equation starting from U(1) ⋆ gauge invariant action, describing NC Schrödinger field coupled to a background NC U(1) ⋆ gauge field, by using SW map followed by wave-function and mass renormalisation. Here we identify a pair of currents j µ andĵ µ , the former follows from the equation of motion (41) and the latter by using SW map. We find that both of them play their respective roles; while d 2 xj 0 corresponds to the U(1) generator, the latter d 2 xĵ 0 corresponds to the total probability normalised to unity and the corresponding spatial componentsĵ i as the probability current density of a single particle. This difference between j µ andĵ µ stems from the presence of "velocities" in the θ-dependent interaction term in the action and the resulting modification in the Dirac bracket structure. This feature therefore can be regarded as a NC effect. We then study the effect of non-commutativity on the mass parameter and Hall conductivity. In the latter case, we find no effect of non-commutativity upto first order in θ. Thus, in both the formalisms we reproduce the standard result for Hall conductivity. It will be interesting to extend this work to higher orders.
Finally, we would also like to mention that in this paper we have considered a set of free particles and ignored the effects of any impurities/disorder and Coulomb interaction. Consequently, the filling fraction ν can take arbitrary values displaying none of the features of integer or fractional Quantum Hall effect, as expected. It will be interesting to see whether these features of QHE can be obtained by incorporating suitable terms in our effective action to take care of impurities/disorder and Coulomb interaction. Work in this direction is in progress and will be reported in a future communication.
integrate by parts to rewrite the action (40) aŝ
so that the Lagrangian density L (which is nothing but the integrand of the above action) is manifestly hermitian. The occurrence of only linear "velocity" terms forψ andψ † in L indicates that the system has only the following pair (Λ a ; (a = 1, 2)) of second class constraints,
where Πψ and Πψ † (= (Πψ) † ) are the canonically conjugate momenta toψ andψ † respectively. It is now straight forward to show that the inverse of the matrix formed by the constraints Λ ab (x, y) = {Λ a (x), Λ b (y)} = −iǫ ab (1 − 
showing that G (65) has to be identified just with the U(1) generator. Note this G generates only global U(1) transformation, as this cannot be identified with any first class Gauss constraint. This is related to the fact that the background gauge field A m is not included in the configuration space. Next, we show that the standard form of the normalisation condition (50) still holds, despite the modified forms of DB (68) and G (65). To begin with, let us note that we now have the modified quantum commutator
following from (68), so that 1 − θB 2 ψ † (x) and its hermitian conjugate can now be interpreted as the creation and annihilation operators respectively. Let us now construct |x (the state corresponding to the particle located at x) by the action of this creation operator acting on the normalised vacuum state |0 ( 0|0 = 1) as |x = 1 − so that the standard inner product relation y|x = δ (2) (x − y) and the resolution of identity (1 = d 2 x|x x|) holds. Now writing an arbitrary state |ψ = d 2 xψ(x)|x in terms of wave functionψ(x) = x|ψ , one can easily see that the normalisation condition (50) follows trivially by demanding ψ |ψ = 1.
Finally we verify thatĜ, the operator version of (65) has unit eigenvalue acting on |ψ , as expected since this state |ψ corresponds to a single particle state of unit charge.
